CRITICAL SETS IN ROOM SQUARES

Ghulam Raso ol Chaudhry and Jennifer Seberry

Department of Computer Science

University of Wollongong

Wollongong, NSW 2522, AUSTRALIA

e-mail:[chaudhry, j.seberry]@cs.uow.edu.au

November 22, 1995

Abstract

In this paper we introduce critical sets in Room squares. We give the

cardinality of the small s-critical sets (ss-cs) and large s-critical sets (ls-cs)

for di�erent classes of standardized Room squares of side 7, 9 and 11. We

also describ e algorithms to compute ss-cs and ls-cs and conjecture lower and

upper bounds for ss-cs and ls-cs. We are modifying these to obtain proofs

for the minimum and maximum size of s-cs and l-cs.

1 Intro duction

A Room square R of side r is an r � r array each of whose cells may either be

empty or contain an unordered pair of ob jects 0; 1; 2; :::; r, sub ject to the follow-

ing conditions :

(i) each of the ob jects 0; 1; 2; :::; r occurs precisely once in each row of R and

precisely once in each column of R, and

(ii) every possible unordered pair of ob jects occurs precisely once in the whole

array.

Theorem 1 (Mullin and Wallis [11]) There exists a Room square of every

odd integer side r greater than or equal to 7.

Theorem 2 (Dinitz and Stinson [6]) A Room square of side r is equivalent

to a pair of orthogonal one-factorizations of a complete graph.

We denote N r = 0; 1; 2; :::r. A Room square of side r based on N r is

standardized if the ith diagonal cell, cell(i; i), contains f0; ig for 1 � i � r.

Throughout this pap er, we will b e working on standardized Ro om squares only.

Theorem 3 (Wallis [15]) If there is a Room square of side r, then there is a

standardized Room square of side r.

A skew Ro om square R [14] is a standardized Ro om square with the prop-

erty that when i 6= j , either the (i; j ) or the (j; i) cell of R is occupied, but not

b oth.

Theorem 4 (Dinitz and Stinson [6]) There is a skew Room square of side r,

if and only if r is odd and r 6= 3 or 5.

Two Room squares are said to b e isomorphic [15] if one can b e obtained

from the other by permuting the rows and columns and relab eling the elements.

Two Room squares R and S are equivalent if R is isomorphic to S or to the

transpose of S . All inequivalent Room squares of size 7 and 9 have b een found

from one-factorizations of the complete graph. There are exactly 6 inequivalent

Room squares of side 7, see [8, 9, 15] and 257,630 Ro om squares for side 9, see

[1, 6, 7]. No exact numb er is known for higher order Ro om squares. Although

there are :

526,915,620 non-isomorphic one-factorizations of order 11 (K 12)

9:876 � 10 28 distinct one-factorizations of order 13 (K 14)

1:148 � 10 44 distinct one-factorizations of order 15 (K 16)

1:520 � 10 63 distinct one-factorizations of order 17 (K 18)

and the numb er of possible Room squares for each of these orders should b e

even larger, see [4] for further details.

2 Critical Sets in Room Squares

A critical set Q = [Q 1 ; Q 2 ; Q 3 ; :::; Q c ], jQj = c, in a Room square R of side r, is

a set of quadruples Q a = [i; j; k; l] such that if any Q a is removed from the set it

can no longer be uniquely completed. In Q a , (i; j ) shows the position of the pair

(k; l) in the square. That is, Q provides minimal information from which R can

b e reconstructed uniquely.

Q � is a minimal/smal lest critical set (scs) of a Room square R if jQ � j = c

is minimum for all critical sets Q of squares of order r whereas Q � is a largest

critical set (lcs) of a Ro om square R if jQ � j = c is the largest for all critical sets

Q of squares of order r. In particular, in this pap er, we de�ne large s-critical

set (ls-cs) and smal l s-critical set (ss-cs) as critical sets of a standardized (i.e.

known diagonal) Ro om square.

Example

Standardized Room square of side 7:

01 - 45 67 - - 23

57 02 - - - 13 46

- 56 03 12 - 47 -

- 37 - 04 26 - 15

36 14 27 - 05 - -

24 - - 35 17 06 -

- - 16 - 34 25 07

Large s-critical set(ls-cs) of this square is:

01 - 45 * - - 23

* 02 - - - * *

- * 03 12 - * -

- * - 04 * - *

* * 27 - 05 - -

* - - * 17 06 -

- - * - * * 07

where "�" shows the unknown pair p ositions and "�" shows empty positions in

the square.

So the large s-critical set for the above Ro om square is: Q = f(1,3;45),

(1,7;23), (3,4;12), (5,3;27), (6,5;17)g. That is, Q is the only Room square of side

7 with a pair 45 at p osition (1,3), pair 23 at position (1,7), pair 12 at p osition

(3,4), pair 27 at position (5,3) and pair 17 at position (6,5).

2.1 Bounds for Critical Sets

We have computed large (ls-cs) and small (ss-cs) s-critical sets for all inequiva-

lence classes of standardized Ro om squares of side 7 and some of the squares for

side 9 and 11. We summarize our results in the table 1 below.

Table 1

Order of Class Cardinality

Room square Representative ls-cs ss-cs

7 R11 6 3

R14 4 3

R15 5 3

R16 5 3

R44 5 3

R45 4 3

7 Skew R11 6 3

R15 ~ 6 4 3

R45 ~ 5 6 3

9 R1 11 7

R2 12 8

R3 11 9

R4 11 7

R5 10 7

R6 11 8

9 Skew R1 11 7

11 R1 18 15

R2 18 15

R3 17 13

R4 18 13

2.2 Algorithms for constructing ss-cs and ls-cs

2.2.1 Algorithm for ss-cs

Supp ose we have a standardized Room square R of side r, take an empty square

Q corresponding to R.

1) for each row of R, mask o� �rst non-zero pair.

2) for each column of R, mask o� last non-zero pair.

3) for each row from b ottom, process following steps:

4) for each column of a row, process following steps:

5) if a pair exists at current column and row, then mask o� that pair.

6) create set of known pairs.

7) call check critical set routine.

8) if known pair set is complete, then continue else put that pair back

in R and also move that pair in Q.

9) Q is the required small s-critical set.

2.2.2 Algorithm for ls-cs

1) Supp ose we have a standardized Room square R of side r, take empty

squares S and Q corresponding to R.

2) take [ 1

2 (r � 1) � 1] pairs from the �rst row of R, move these pairs to Q,

construct at least �rst row of S by calling check critical set routine.

3) take another pair from R so that more unknown pairs of S can be found,

move that pair to Q too and

4) call check critical set routine to �nd more unknown pairs of S .

5) repeat step 3 and 4 until S is complete and Q is the required large s-critical

set.

2.2.3 Algorithm for check critical set routine

1) initialize known and unknown pairs.

2) for each row of R from top, process steps 3-8:

3) check for any known pairs, if none, process next row and go to step 2.

4) form known numbers.

5) for each unknown pair p osition, construct known numb ers for its col-

umn.

6) take union of row numbers with each of column numb ers (call it as set

Z)

7) take intersection for each element of Z with all numb ers from 1 to r.

8) if after taking intersection only two numb ers are left, then add it to

the known set and go to step 2 otherwise make all pairs of the re-

maining numb ers and discard the pairs which are in the known set,

after discarding if one pair is left, add it to known set and go to step

2 otherwise go to step 5.

2.2.4 Time and Space Complexity of Algorithms

Algorithm Time Space

ss-cs O(n 6 ) O(n 2 )

ls-cs O(n 7 ) O(n 2 )

chk crit set O(n 4 ) O(n 2 )

routine

We are working to improve the time complexity of ab ove algorithms.

2.3 Conjecture

On the basis of our results, we conjecture that for a Ro om square R of side r,

lower and upp er b ounds for small and large s-critical sets are :

(i) ss-cs(r)� 1 + 1

4 (r � 5)(r � 3)

(ii) ls-cs(r)� 4 + 1

8 (r + 15)(r � 7)

App endix

The following are examples of small and large s-critical sets of standardized

Room squares listed in table 1. In s-critical sets, ‘**’ represent unknown pair

p ositions and ‘-’ show the empty positions in the squares.

Example 1 : Standardized Ro om Square of side 7

01 - 45 67 - - 23

57 02 - - - 13 46

- 56 03 12 - 47 -

- 37 - 04 26 - 15

36 14 27 - 05 - -

24 - - 35 17 06 -

- - 16 - 34 25 07

Three s-critical sets for this square are :

0,1 { ** 6,7 { { 2,3

** 0,2 { { { 1,3 4,6

{ ** 0,3 ** { 4,7 {

{ ** { 0,4 ** { **

** ** ** { 0,5 { {

** { { ** ** 0,6 {

{ { ** { ** ** 0,7

0,1 { ** ** { { **

** 0,2 { { { ** **

{ ** 0,3 1,2 { ** {

{ 3,7 { 0,4 ** { **

** ** ** { 0,5 { {

** { { ** 1,7 0,6 {

{ { ** { ** ** 0,7

0,1 { ** 6,7 { { **

** 0,2 { { { 1,3 4,6

{ ** 0,3 1,2 { ** {

{ ** { 0,4 ** { **

** ** 2,7 { 0,5 { {

** { { ** ** 0,6 {

{ { ** { ** ** 0,7

Example 2 : Skew Ro om square of side 7

0,1 3,7 { 2,5 4,6 { {

{ 0,2 1,5 3,6 { 4,7 {

2,6 { 0,3 1,7 { { 4,5

{ { { 0,4 2,7 3,5 1,6

{ 1,4 6,7 { 0,5 { 2,3

5,7 { 2,4 { 1,3 0,6 {

3,4 5,6 { { { 1,2 0,7

Three s-critical sets for this square are :

0,1 ** { 2,5 4,6 { {

{ 0,2 ** ** { ** {

** { 0,3 ** { { **

{ { { 0,4 ** ** 1,6

{ ** ** { 0,5 { **

** { ** { ** 0,6 {

** ** { { { ** 0,7

0,1 ** { 2,5 ** { {

{ 0,2 1,5 3,6 { ** {

** { 0,3 ** { { **

{ { { 0,4 ** ** **

{ ** 6,7 { 0,5 { **

** { ** { 1,3 0,6 {

** ** { { { ** 0,7

0,1 ** { ** ** { {

{ 0,2 ** ** { ** {

** { 0,3 ** { { **

{ { { 0,4 ** ** **

{ ** ** { 0,5 { **

** { 2,4 { ** 0,6 {

3,4 5,6 { { { ** 0,7

Example 3 : Standardized Ro om Square of side 9

0,1 { 4,9 3,7 2,8 { 5,6 { {

8,9 0,2 { { { 5,7 3,4 { 1,6

{ 5,8 0,3 { 6,9 2,4 { 1,7 {

{ 3,6 7,8 0,4 { 1,9 { 2,5 {

{ 7,9 { 1,2 0,5 3,8 { 4,6 {

4,5 { { { { 0,6 1,8 3,9 2,7

{ { 2,6 5,9 1,3 { 0,7 { 4,8

6,7 1,4 { { { { 2,9 0,8 3,5

2,3 { 1,5 6,8 4,7 { { { 0,9

Two s-critical sets for this square are :

0,1 { ** 3,7 2,8 { 5,6 { {

** 0,2 { { { 5,7 3,4 { **

{ ** 0,3 { ** 2,4 { 1,7 {

{ ** ** 0,4 { 1,9 { 2,5 {

{ ** { ** 0,5 ** { ** {

** { { { { 0,6 ** ** **

{ { ** ** ** { 0,7 { **

** ** { { { { ** 0,8 **

** { ** ** ** { { { 0,9

0,1 { ** ** ** { ** { {

** 0,2 { { { ** ** { **

{ 5,8 0,3 { 6,9 2,4 { ** {

{ ** ** 0,4 { 1,9 { ** {

{ 7,9 { ** 0,5 ** { ** {

** { { { { 0,6 ** ** **

{ { ** 5,9 1,3 { 0,7 { **

** ** { { { { ** 0,8 **

** { ** ** ** { { { 0,9

References

[1] D. S. Archdeacon. J. H. Dinitz and W. D. Wallis. Sets of pairwise orthogonal

one-factorizations of K 10 . Congr. Numer. 43 (1984), pp. 45-79.

[2] J. Cooper, D. Donovan and J. Seb erry. Latin squares and critical sets of

minimal size. Aust. J. Combinatorics 4 (1991), pp. 113-120.

[3] D. Curran and G.H.J. Van Rees. Critical sets in Latin Squares. in Proc.

Eighth Manitoba Conference on Numer. Math. and Computing, (1978), pp.

165-168.

[4] J. H. Dinitz, D. K. Garnick and B. D. Mackay. Non-isomorphic one-

factorizations of K 12 . J. Comb. Design, Vol. 2, No. 4 (1994), pp. 273-285.

[5] J. H. Dinitz and D. R. Stinson. A hil l climbing algorithm for the construction

of one-factorizations and Room squares. SIAM J. Algeb. Disc. Math. Vol. 8,

No. 3 (1987), pp. 430-438.

[6] J. H. Dinitz and D. R. Stinson. Room squares, Contemporary Design Theory:

a col lection of surveys. John Wiley & Sons, Inc. (1992), pp. 137-204.

[7] J. H. Dinitz and W. D. Wallis. Four orthogonal one-factorizations on 10

points. Ann. Disc. Math. 26 (1985), pp. 143-150.

[8] K. B. Gross. Equivalence of Room Designs I. J. Comb. Theory A 16 (1974),

pp. 264-265.

[9] K. B. Gross. Equivalence of Room Designs II. J. Comb. Theory A 17 (1974),

pp. 299-316.

[10] W. L. Kocay and D. R. Stinson. On strong starters in cyclic groups. Disc.

Math. 56 (1985), pp. 45-60.

[11] R. C. Mullin and W. D. Wallis. The existence of Room Squares. Aequa.

Math. 13 (1975), pp. 1-7.

[12] R. G. Stanton and R. C. Mullin. Construction of Room squares. Ann. Math.

Statis. Vol. 39, No. 5 (1968), pp. 1540-1548.

[13] D. R. Stinson and G.H.J. Van Rees. Some large critical sets. Congr. Numer.

34 (1982), pp. 441-456.

[14] W. D. Wallis. Combinatorial Designs. Marcel Dekker, New York, 1988.

[15] W.D. Wallis, A. P. Street and J. S. Wallis. Combinatorics:Room squares,

sum-free squares, Hadamard matrices. Lect. Notes Math. 293 (1972).