1 An Application of Hamiltonian Neurodynamics Using Pontryagin’s Maximum (Minimum) Principle Takamasa Koshizen, Phil Broadbridge and John Fulcher Department of Computer Science, University of Wollongong Northfield Avenue Wollongong NSW 2522, AustraliaAbstract Hamiltonians can generate Artificial Neural Dynamical systems dependent on time.Classical methods from optimal control theory, notably Pontryagin�s Maximum (Minimum)principle( PMP ) can be employed, together with Hamiltonians, to determine the optimal systemweights. Today, although several extended-backpropagation methods using optimization theoryhave been developed based on the well known standard back-propagation method ( SBP ),multilayered feedfoward neural networks are here employed on differential equations which havecharacteristics such as admitting neurons and weight vectors dependent on time. It is shown thatthe new learning rule obtained by weight equations using PMP compares favourably with SBP. Thenew learning rule can also be applied to feedback networks, in both continuous-time and discrete-time.Keywords: Hamiltonian, Pontryagin Maximum ( Minimum ) Principle, Multilayered feedforwardneural networks, standard backpropagation, Hamiltonian ( affine ) control system1. IntroductionIn order to develop the science and technology of neural networks to their full potential it will beimportant to cultivate a thorough understanding of neurodynamics [1]. Previous work onneurodynamics using Hamiltonians includes that of Ramacher et al. [2] who showed that a singlefirst-order Hamiltonian-Jacobi method was sufficient to derive the various neurodynamicalparadigms in use today. Neurodynamics can also be determined by the network topology, inputpatterns, and by weight dynamics attributed to learning. It is important to note that thedifferential equations to be obeyed by neurons and weights, respectively, constitute only one half ofthe characteristic equations associated with Ramacher’s Hamiltonian-Jocobi method [2].Moreover, the study of neurodynamics seems to be mixed with several optimization methodsderived from an understanding of classical optimal control problems such as the first-order gradientalgorithm, second-order algorithm and dynamical programming methods [3][4].Optimal control problems are mainly applied to determine optimal weights for ArtificialNeural Networks ( ANNs ) whose task is defined as the optimization of a specific performanceindex as will be shown later. Recently the well-known back-propagation method using steepestgradient-descent minimization of a global error function, called standard back-propagation ( SBP ),has inspired a great deal of interest in such networks for both cognitive modelling and practicalproblem solving [5]. However, the disadvantages of SBP is that it converges very slowly, oftenbehaves very badly on large-scale problems, and can become stuck in local minima [6][7][8].In addition, even though an optimal weight vector exists for a given network structure, thelimited learning set will render a different optimal solution within the set for weights of optimalsolutions [8]. In this paper, we firstly employ PMP , which was first produced by Pontryagin et al.[9] for control problems, to find important characteristics of weight solutions. Apart from PMP beinguseful for minimization theory, it can also be applied to several practical control calculations, suchas motor control and multiple-link robot arms using control variables [10]. Secondly, we generate anew learning algorithm for determining optimal weight equations, in n-dimensional continuous-time and discrete-time systems, using PMP. This new algorithm is then compared with SBP in orderto analyse its performance quantitatively. In Appendix I, Hamiltonian control systems [11] areintroduced, and we see how PMP is eminently suited to describing such control systems.

22. Neural Network modelsAlthough inspired by physical and neurophysiological research, the various neural networkmodels proposed can, to date, be viewed as computing paradigms in their own right. We herediscuss one class of ANN, namely the Back-propagation network ( Rumenhart et al., 1986 ) as acomputational learning model. The Back-propagation of error gradients has proven its usefulness infeedforward and feedback neural networks in tackling a large number of classification and functionmapping problems [8]. This is the case despite its being susceptible to becoming stuck in localminima. The PMP learning method presented in this paper is based on the standard Back-propagation method.2.1 Mathematical Neuron ModelWe consider a mathematical neuron , comprising n inputs ( i.e., input vector

X = (x1,⋅⋅⋅,xn ) ) and asignal output

z.

W = (w_1,⋅⋅⋅,w_n ) are weights ( a weight vector ) applied to the inputs ,

h is athreshold, and g:

R → R, acts as an activation function. In addition, the activation function hasbeen traditionally chosen to be the sigmoidal nonlinearity, as will be shown later. Thus, theneuron�s input-output relation is given by

z = g( wixi

i=1n∑ − h) (1)2.2 Backpropagation and its network modelsIn general, the standard back-propagation method is applied to feedforward networks in order toevaluate the derivatives of the network error with respect to its connections strengths. The basiccomponent in a feedforward network is the single " neuron " model of Section 2.1. The feedforwardneural network is constructed by interconnecting several number of neurons so as to form a network inwhich all connections are made in the forward direction from input to output without feedbackloops. Such networks are described by the following equations, in the discrete-time case:

xi(t +1) = g(yi ) (2)where

x^{i is the output of the}

i-th neuron.The types of training problem which can be presented to feedback ( recurrent ) neuralnetworks are more numerous compared with those which make sense for feedforward networks.Moreover, it is possible to train a recurrent temporally continuous generalization of back-propagation networks. Such networks are described by the following differential equations [12], inthe continuous-time case:

τ x_• i(t) = − x^i(t)+ g(y^i ) (4)Alternatively, using linear approximation:

τ x• i(t) = − xi(t)+ wij (t)g(xj (t)) j=1n∑ (4)∏ 33. Οπτιμαλ Χοντρολ Προβλεμσ ανδ ΑΝΝσΧλασσιχαλ χοντρολ σψστεμ δεσιγν ισ γενεραλλψ α τριαλ−ανδ−ερρορ προχεσσ ιν ωηιχη ϖαριουσ μετηοδσ οϕαναλψσισ αρε υσεδ ιτερατιϖελψ το δετερμινε τηε δεσιγν παραμετερσ οϕ αν ∀αχχεπταβλε∀ σψστεμ [15].Τηε οβφεχτιϖε οϕ οπτιμαλ χοντρολ τηεορψ ισ το δετερμινε τηε χοντρολ σιγναλσ τηατ χαυσε α προχεσσ τοσατισϕψ τηε πηψσιχαλ χονστραιντσ ανδ ατ τηε σαμε τιμε μινιμιζε ( ορ μαξιμιζε ) σομε περϕορμανχεινδεξ. Ιν συμμαρψ, αν οπτιμαλ χοντρολ προβλεμ χαν βε ϕορμυλατεδ υσινγ τηε ϕολλοωινγ ινϕορματιον:(α) στατε ανδ ουτπυτ εθυατιονσ(β) χοντρολ ϖαριαβλεσ ορ ϖεχτορσ(χ) προβλεμ χονστραιντσ(δ) περϕορμανχε ινδεξ(ε) σψστεμ παραμετερσΩε νεξτ σηοω τηατ Οπτιμαλ Χοντρολ Προβλεμσ χαν βε ρεϕορμυλατεδ ιντο α ϕορμ μορε συιτεδ το ΑΝΝμοδελσ. Μορεοϖερ, α ματηεματιχαλ δεϕινιτιον οϕ αν οπτιμαλ χοντρολ προβλεμ ϕορ βοτη χοντινυουσ−ανδδισχρετε−τιμε σψστεμσ ωιλλ βε γιϖεν.3.1 Τηε ϕορμ οϕ στατε εθυατιονσ ιν χοντινυουσ−τιμε ανδ δισχρετε−τιμε σψστεμσΡαμαχηερ [2] χονσιδερεδ τηε ϕολλοωινγ νευρον διϕϕερεντιαλ εθυατιον:

X• (t) = F(in(t), X(t), W(t); t)where in(t) represents the neuron inputs,

X(t) the neuron outputs, and

X_• (t) = f(X(t))+ W(t)g(X(t)) (7)or

xi• (t) = f(xi(t))+ wijj=1n∑ (t)g(xj (t)) (8)Similarly, for an n-dimensional discrete-time system, the state equation can be represented as

X(k +1) = f(X(k))+ W(k)g(X(k)) (9)or

xi(k +1) = f(xi(k))+ wijj=1n∑ (k)g(xj (k)) (10)

4where,

f(⋅) and

g(⋅) possess continuous first-order derivatives, and

W(t) are control variables forthe weights. In addition, the subscript

k denotes the kth time interval.3.2 The cost function in Continuous-time ANN systemsGenerally speaking, an optimal control problem is formulated as the minimization of the followingperformance index J [13]:

W the controls as weight vectors. The performance index,which includes the objective function

h(X(tf )), is to be minimized at final time

t f.If H represents the Hamiltonian, defined as

H ≡ H(X(t), W(t), λ (t)) = λ T(t)X• (t)+ ψ (X(t), W(t)) (12)where,

λ T is a set of Lagrange multipliers ( the costate vector ) [14], the cost function

ψ χαν βειντερπρετεδ ασ τηε ποτεντιαλ ωηιχη ϕορχεσ τηε σψστεμ το μοϖε αλονγ τηε δεσιρεδ τραφεχτορψ [15], ασωιλλ βε σηοων λατερ.Φυρτηερμορε, ωηεν Η ισ αλσο δεϕινεδ ασ ιν (12), τηε περϕορμανχε ινδεξ (13) βεχομεσ:

J = h(X(tf ))+ [H(t0tf∫ X(t), W(t), λ (t))− λ T(t)X(t)]dt (13)3.3. The cost function in Discrete-time ANN systemsSimilarly, we can extend this treatment to optimal control problems in discrete-time systems, asfollows

k=0T-1

W the controls as weight vectors. The performance index,which includes the objective function

h(X(T)), is to be minimized at final time

T.If H represents the Hamiltonian, defined as

H ≡ H(X(k +1), X(k), W(k), λ (k)) = λ T(k)X(k +1)+ ψ (X(k), W(k)) (15)where,

λ T is a set of Lagrange multipliers ( the costate vector ) [14], then the cost function

ψ χαν βειντερπρετεδ ασ τηε ποτεντιαλ ωηιχη ωιλλ ϕορχε τηε σψστεμ το μοϖε αλονγ τηε δεσιρεδ τραφεχτορψ [15],ασ ωιλλ βε σηοων λατερ.Φυρτηερμορε, ωηεν τηε Ηαμιλτονιαν ισ δεϕινεδ ασ ιν (15), τηε περϕορμανχε ινδεξ βεχομεσ:

J = h(X(T))+ [H(X(k +1), X(k), W(k), λ (k))−

k=0T-1∑ λ T(k)X(k +1)] (16)

54. Learning Potential Functions and PMPThe solution of an optimal control problem can be obtained through two basic approaches. The firstis by the application of the Hamiltonian-Jacobi equation which constitutes a sufficiency condition.The other approach is PMP which constitutes necessary conditions for optimality. However, theHamiltonian-Jacobi equation is another statement of the PMP ( Appendix II ). Rumacher applied apartial differential equation ( PDE ) of Hamiltonian-Jacobi type in order to be neurodynamics [2],whereas we employ PMP to find important characteristics of the optimal solution. It yields anecessary condition that an optimal control must satisfy, and has become the basic method forcomputing optimal controls [10]. In a sense, it can also be thought of as an extension of the method ofLagrange multipliers to dynamic optimisation and control problems. Firstly, we attempt to applythe quadratic cost function

ψ (X, W) be a loss function. When signal

X is processed by a layered net of feedforwardconnections, we generally apply the following squared error as the cost function [16]:

ψ ≡ E = 12P ||Ypp=1P∑ − TP|| (17)

Yp is the value of the output vector, and

Tp the target vector.If we regard the steepest gradient method as weight equations with (17), we have thestandard backpropagation learning algorithm as will be shown later.4.2 The Learning potential function in Continuous-time and Discrete timesystemsWe will define the following quadratic cost function as the potential function [13][17], in order toapply to optimal control problems, namely quadratic linear problems in the PMP to ANNs. It willbe noticed that the potential function has already been defined, as

ψ (X, W) [16].In the continuous-time case, the learning potential is

ψ C = 12[XT(t)QX(t)+ WT(t)ℜ W(t)] (18)subject to (7):

•

ℜ ισ α ρεαλ σψμμετριχ ποσιτιϖε δεϕινιτε ματριξ, ανδ

Q is a real symmetric positive semi-definite matrix.

64.3 PMP necessary conditions and weight equationsIn continuous-time systems, the necessary conditions for optimal weights are

X_• (t) = ∂H(X(t), W_{OPT}(t), λ (t))

∂X(t)

(20)

λ• (t) = − ∂H(X(t), WOPT(t), λ (t)) ∂X(t)

(21)

H(X(t),WOPT(t),λ (t)) ≤ H(X(t),W(t),λ (t)) (22)

∀ t ∈ (0,tf )It should be noted that

WOPT(t) in (22) is a control that causes

H(X(t),W(t),λ (t)) toassume its global minimum(maximum) by Pontryagin’s principle [9].In addition, the following equation corresponds to the boundary condition:

λ (tf ) = ∂h(X(tf ))

∂X(tf ) (23)For

∂_2H(X(t),W_{OPT}(t),λ (t))

∂W_2(t)

(≥ 0) (24)�is positive definite, this is sufficient to guarantee that

WOPT(t) causes the Hamiltonian to becomea local minimum [13]. Moreover, (24)� is known as the Legendre-Clebsch condition [14].The Hamiltonian can be defined in quadratic form as

H(X(t),W(t),λ (t)) = λ T(t)X• (t)+ 12[XT(t)QX(t)+ WT(t)ℜ W(t)] (25)subject to (7).Thus the optimal equation for continuous-time ANN systems that we should obtain is

WOPT(t) = − ℜ − 1gT(X(t))λ (t) (26)which minimizes ( globally ) the Hamiltonian. This derivation is presented fully in Appendix III.

7(26) has a general formulation for Linear-Regulator problems in optimal control theory. Inaddition, (26) should satisfy the necessary conditions (21) and (23) respectively.If

λ (t) is chosen to satisfy the boundary condition (23), then

λ (t) = ∂h(X(t))

∂X(t) (27)Thus, (26) can be expressed as follows

WOPT(t) = − ℜ − 1 ∂h(X(t))∂X(t) g(X(t)) (28)Similarly, the weight-equations in the discrete-time case can be obtained, i.e. in discrete-time systems, the necessary conditions for optimal weights are

W_{OPT}(k)in (31) is a control that causes

H(X(k),W(k),λ (k)) to assume itsglobal minimum( maximum ) by Pontryagin’s principle [9].In addition, the following equation corresponds to the boundary condition:

λ_T(T) =

∂h(X(T))

∂X(T)

(32)For

WOPT(k) to minimize the Hamiltonian it is necessary ( but not sufficient ) that

∂H(X(k),WOPT(k),λ (k))

∂W(k) = 0 (33)If (33) is satisfied, and the matrix:

∂ 2H(X(k),WOPT(k),λ (k)) ∂W2(k) (≥ 0) (33)’is positive definite, this is sufficient to guarantee that

WOPT(k) causes the Hamiltonian to becomea local minimum. Moreover, (33)� is known as the Legendre-Clebsch conditions [14].The Hamiltonian can be defined in quadratic form as

H(X(k),W(k),λ (k)) = λ T(k)X(k +1)+ 12[XT(k)QX(k)+ WT(k)ℜ W(k)] (34)

8subject to (9).Thus the optimal equation for discrete-time ANN systems that we should obtain is

WOPT(k) = − ℜ − 1gT(X(k))λ (k) (35)which minimizes ( globally ) the Hamiltonian.Equation (35) is a general formulation for Linear-Regulator problems in control theory. In addition,(35) should satisfy the necessary conditions (30) and (32).If

W_{OPT}(k) = − ℜ_{− 1}

∂h(X(k +1))

∂X(k +1)

g(X(k)) (37)5. Resulting optimal weight equations and the new learning algorithmIn Section 4, the optimal equations for weights that we obtained was contrasted with the weightequations obtained by the steepest gradient descent back-propagation algorithm ( SBP ). Theobtained weight equation comprises both the learning algorithm kernel as well as that of back-propagation, because the aim of these learning algorithms is to minimise the quadratic costfunction, giving rise to a modification for each connection weight. First of all, the conventional SBPweight equations will be reviewed.5. 1 Optimal weight equationsThe generalized Delta Rule ( GDR ) for obtaining optimal weights proposed by Rumelhart et al[18], the SBP learning rule, has become very popular since its initial publication (1986). The rule forupdating the weights

W is given by the differential equation [18]:

ΔW = − η ∂ψ (X,W) ∂W = − η ∂E(Y,T)∂W (38)where,

E is the squared error function, and

η ισ α χονσταντ ( ορ α ποσιτιϖε δεϕινιτε ματριξ ) ανδ ηαστηε ρολε οϕ λεαρνινγ ρατε χοεϕϕιχιεντ ( α λεαρνινγ γαιν τερμ ).Αλτερνατιϖελψ,

Δwij = − η∇ Wij E (38)’where,

E, then this becomes the conventional backpropagation learning algorithm.This provides us with the insight that

ℜ ιν βοτη (26) ανδ (35) ωιλλ ηαϖε τηε ϕολλοωινγ αναλογουσρελατιονσηιπσ ωιτη τηε λεαρνινγ ρατε χοεϕϕιχιεντ. 9Ιϕ ιτ ισ ασσυμεδ, ωιτη ρεσπεχτ το βοτη (26) ανδ (35):

Wopt ≅ ΔW, ℜ − 1 ≅ μ (39)τηεν ωε οβταιν

ΔW = − μ∂h(X)∂X g(X) (40)which can represent as follows

Δwij = − μ∇ xi h(x)g(xj ) (41)where

μ ισ α ποσιτιϖε δεϕινιτε ματριξ ανδ χορρεσπονδσ το τηε λεαρνινγ χοεϕϕιχιεντ ιν (38) ανδ τηε νστατε ϖαριαβλεσ

w^{ij} (k) = w^{ij} (k− 1)− μ∇^{xi} h(x)g(x^j ) (44)Which can represent as follows

wij (k) = wij (k− 1)− μ∂h(x)∂xi g(xj ) (45)Notice that the learning equation is hence a stochastic difference or differential equation. In such acase, this type of learning is an Ordinary Differential Equation (ODE).The objective function

h(x) is to find

x* so that

h(x*) = minx h(x)where

h(x) has continuous second order derivatives ( or twice-continuously differentiable ), so theobject can have a gradient vector [20]:

∇ xi h(x) =[ ∂∂x1 h(x),⋅⋅⋅, ∂∂xn h(x)]T (46)In addition, the gradient vector has the best rate of convergence with the following matrix, calledthe Hessian or Jacobian matrix: 10

∇ 2xi h(x) = ∂ 2∂ 2x1 h(x)⋅⋅⋅ ∂ 2∂x1∂xn h(x)

∂ 2∂xn∂x1 h(x)⋅⋅⋅ ∂ 2∂ 2xn h(x) (47)Νοτιχε τηατ σεχονδ ορδερ δεριατιϖεσ αρε υσεδ ιν τηε νυμεριχαλ δετερμινατιον οϕ τηε οπτιμαλ [20].6. Νυμεριχαλ εξαμπλε ανδ περϕορμανχε εϖαλυατιονσΙν τηισ σεχτιον, τηε περϕορμανχε οϕ τηε ΠΜΠ λεαρνινγ αλγοριτημ ισ εϖαλυατεδ βψ χομπαρισον ωιτηχλασσιχαλ ΣΒΠ βψ ωαψσ οϕ α θυαντιτατιϖε ιμπλεμεντατιον υσινγ τηε Χ−λανγυαγε ον α Συν ΣΠΑΡΧστατιον. Ιν ορδερ το ρεαλισε τηισ, ωε νεεδ ϕιρστ το δεϕινε τηε ϕορμ ϕορ τηε χοντινυουσ σεχονδ−ορδερδεριϖατιϖεσ

h(⋅). Generally speaking, for second-order derivatives in ANNs, Newton’s methodusing the Hessian matrix is well known as the basic local method [21]. It is also far superior withrespect to learning time ( iterations ) [8]. This numerical method might be able to provide benefitsby using the PMP learning method with some remarks oriented towards further neurodynamicsresearch.6.1 The form of second order derivative

h(⋅) having the following quadratic form:

h(X) ≡ 12 X_TCX (48)The description of the

l − th layer number will be

hl(x) = 12 Clikk=1n∑i=1n∑ xlixlk l =1,2,...,+∞ (49)ωηερε, α διαγοναλ σψμμετριχ ματριξ

C = (Cik), Cik = Cki:i,k =1,2,...,n can be either positive ornegative definite ( indefinite ). It comprises both the gradient vector

∇ h(X) = CX and theconstant ( diagonal ) Hessian matrix

∇ 2h(X) = C, based on the availability of eigenvalues andeigenvectors. Sufficient conditions for a strong local minimum to the point

X* are that

h(X*) = 0.Notice that if the Hessian matrix is positive definite and the quadratic model is correct, oneiteration only is sufficient to reach the minimum. However, even if the Hessian is not positivedefinite , it can be shown that the quadratic form can be effective on such minimization problems[21].6.2 The application of the continuous first order derivative

g(X) = 1 1+ exp(− X)

(50)which varies smoothly from 0 at

− ∞ το 1 ατ

∞ . Μορεοϖερ, τηε νονλινεαριτψ (50) γενεραλλψ προϖιδεστωο χομπυτατιοναλλψ υσεϕυλ προπερτιεσ, ιν χοντραστ το λινεαρ σψστεμσ συχη ασ

g(X) = X [25].

11One of these properties is a guarantee that the node outputs remain within a bounded range(0,1), that is, the node activation in the non-linear model always has to be within that range. Theother is the ability to approximate a very general class of system. It can also be shown that afeedforward neural network model can approximate essentially any mapping, given enough hiddennodes [26].6.3 Numerical resultsIn order to evaluate the performance of the proposed learning algorithm, we compare it with theclassic SBP algorithm for solving the XOR problem. The network architecture has three layers asshown in Figure 1. Each input node in Figure 1 has a signal strength or activation of the sigmoidtype function already described in Section 6.2. For the current implementation, it consists of eleveninput nodes, two hidden nodes and one output node. The network is also fully connected withweights initialized randomly prior to learning. The value of any initial weight

w is such that

0.3 ≤ w . In addition, the learning coefficient for the two methods is

η = 0.5, μ= 0.0005respectively.As for the XOR problem, two binary ( i.e., false or true ) inputs are presented to the network,and the output is trained to reproduce the logical exclusive-or truth table.INPUTHIDDENOUTPUTWeightsg1[j]g2[k]g3[i]ActivationsFigure 1:Three-Layer Back Propagation with Feed-forward network (3-2-4)W1[j,k]W2[k,i]The performance of the proposed algorithm depend on the choice of the constant Hessianmatrix

C_lik = κ × δ_lik κ: constantswhere, the rule

δ_lik take the following form:

δ l ik ≡

1 (i = k)

0 (i ≠ k)

i,k =1,2,...,nA recommended strategy for changing the rule Hessian in order to reach the minimum is, in fact,that of summing to it a simple diagonal matrix of the form

κ I (

I being the identity matrix ) asabove [21]. Effective use of the optinum quadratic forms of Hessian have been analyzed by [27][28].

12The results are shown in Figure 2. Convergence to a tolerance of 0.001 took 640 and 1012iterations for the new PMP learning algorithm and classic SBP respectively. It clearly shows thattraditional SBP requires more than 1.5 times as many iterations as the new method.iterationserror00.0050.010.0150.020.025050010001500SBP11Input Nodes1 Output Node2 Hidden NodesFigure 2: Comparison of the new algorithm and the SBP

(κ =1.0 ×10 4 )PMPiterationserror00.00050.0010.00150.0020.00250.0030200400600800Figure 3: Relationships of error and iterations as changing the constants 11 Input Nodes 2 Hidden Nodes 1 Output Node

(κ)

κ =1.0 ×104

κ =1.5×104

κ = 2.0 ×104We next changed the positive constants

κοϕ τηε Ηεσσιαν ματριξ ( Φιγυρε 3 ) . Ωε σεε τηατ λαργερϖαλυεσ οϕ

κ ρεσυλτ ιν ϕαστερ χονϖεργενχε ϕορ αν ερρορ τολερανχε οϕ 0.001.Μορεοϖερ, τηε ρεσυλτσ ιν Φιγυρε 4 ανδ ταβλε 1 αρε βασεδ ον τραινινγ υσινγ τηε σαμε ρυλε

κ =10 ×10_{4 the network converges 220 times faster than for}

κ =1.5×10 4.Thus as

κ ινχρεασεσ,τηε νυμβερ οϕ ιτερατιονσ το χονϖεργενχε δεχρεασεσ εξπονεντιαλλψ. 13χονσταντσιτερατιονσ01002003004005000510Φιγυρε 4: Δεσχριπτιον οϕ ιτερατιονσ ασ χηανγινγ χονσταντσ

(κ)11 Input node 2 Hidden nodes 1 Output nodesIteration to convergence (0.001),

×104

(κ)Table 1Constants (

κ)Ιτερατιονσ15000429200003245000013180000379000021000002 x = (x^1,x^2,...,x^n ):

ddt ∂L0∂ x^{i•} − ∂L0∂x^i = 0

i ∈ n (51)Here,

L0 = L0(xi,xi• ). (51) is defined as the Lagrangian equation of motion, which are a set of nsecond order differential equations with

xi• = (x•1,x• 2,...,x• n ) being the generalized velocities.Moreover, the Hamiltonian equations of motion in a mechanical system[30] are given by

x• i = ∂H0∂λ i (52 .a)

i ∈ n

λ• i = − ∂H0∂xi (52 .b)

H0 = H0(xi,λ i ) is defined as the Hamiltonian or canonical equation of motion, with

w, being the controls , then the euqations of motion:

ddt ∂L(x,x•,w) ∂ xi• − ∂L(x,x•,w)∂xi = 0

i ∈ n (53)subject to

L(x,x•,w) = L0(x,x• )+ xjwjj=1n∑ (54) 15Ωε χαλλ (53) α Λανγρανγιαν χοντρολ σψστεμ. Ιν αδδιτιον, δεϕινινγ

T(x,x• ) as the kinetic energy ofthe system and

V(x) being the potential energy function, we may obtain the

L0 (x,x• ) asfollows[30]

L0 (x,x• ) = T(x,x• )− V(x) (55)As for the Lagrangian control system of (53), we define the generalized momenta as follows

λ i = ∂L(x,x•,w) ∂ x•

i ∈ n (56)so that the Hamiltonian function

x_{• ανδ}

λ αρε ρελατεδ βψ (56). Μορεοϖερ, ιτ ισ ωελλ−κνοων τηατ ωιτη (56) ανδ (57) τηε Ευλερ−Λαγρανγε εθυατιονσ οϕ μοτιον:

xi• = ∂H(x,λ ,w) ∂λ i i ∈ n λ i• = − ∂H(x,λ ,w) ∂xi (58) We call (58) a Hamiltonian control system. We now define the natural outputs of theHamiltonian control system, as being

y j = − ∂H(x,λ ,w)

∂wj j ∈ n (59)In particular, if we confine ourselves to Hamiltonian ( affine ) control systems, equation (58) isdefined with the following Hamiltonian form:

H(x,λ ,w) = H0(x,λ )− H jj=1n∑ (x,λ )wj (60)Then we obtain the Hamiltonian ( affine ) control system as follows [11]: 16

xi• = ∂H0(x,λ )

∂λ i − ∂H j (x,λ )wj ∂λ i j=1n∑ i ∈ n λ i• = − ∂H0(x,λ ) ∂xi − ∂H j (x,λ )wj∂xi j=1n∑ yj = H j (x,λ ) j ∈ n (61)where, defining the Hamiltonain function

H0 as the internal Hamiltonian in [30]. Let

dH0 (x,λ ) dt (62)Thus, we will obtain the following result from (60) and (61):

dH0dt = ∂H0∂xi xi• + ∂H0∂λ i λ i• i∑ = ∂H0∂xi ∂H0∂λ i − ∂H0∂λ i ∂H0∂xi i∑ + − ∂H0∂xi ∂H j∂λ i + ∂H0∂λ i ∂H j∂xi i, j∑ wj = ∂H j∂λ i − ∂H0∂xi + wk ∂Hk∂xik∑ + ∂H j∂xi ∂H0∂λ i + wk ∂Hk∂λ ik∑ i, j∑ wj

= dH jdtj∑ wj

= yj•j∑ wj k ∈ m (63)If

H^0 (x,λ ) = T(x,λ )+ V(x) = total energy .Notice that we will be able to obtain the same result with (24) and (33), giving the necessaryconditions for PMP, when (59) is equal to 0 ( Zero ) with respect to the optimal controls

wopt j (j ∈ n). end.

17APPENDIX IIPMP and HAMILTONIAN-JACOBI EQUATIONThe Hamitonian-Jacobi equation is defined as follows[14]:

− ∂J*∂t = H*(x(t),λ T(t)) (65)where

H* (x(t),λ T(t)) = minw H(x(t),w(t),λ T(t)) λ T(t) ≡ ∂J*∂x

J = h(x(tf ))+ φ (x(t), w(t))dt

t0t f∫

H(x,λ ,w) = φ (x,w)+λ T(t)f(x,w), x• (x,w) ≡ f(x,w)

J* (x) ≡ minw J(x,w)Let

dλ Tdtthen we have

dλ Tdt ≡ ddt ∂J*∂x = ∂ 2J*∂x2 f + ∂ 2J*∂x∂t (66)Partial differentiation of the above Hamiltonian-Jacobi equation with respect to

x is

∂∂x ∂J*∂t + H*(x(t),λ T(t))

= ∂ 2J*∂x∂t + ∂∂xH*(x(t),λ T(t))

= 0Thus, we obtain the following equation, considering

w* = w*(x(t)) and (65):

∂ 2J*∂x∂t + f T ∂ 2J*∂x2 + ∂φ∂x + ∂φ∂w ∂w*∂x + ∂J*∂x ∂f∂x + ∂f∂w ∂w*∂x = 0 (67)The PMP necessary condition (24) has been stated previously as being

∂H∂w = ∂φ∂w + ∂J*∂x ∂f∂w = 0 (68) 18Now, the coefficient of

∂w*∂x in (67) vanishes on an optimal path according to (68).Concequently, we obtain the following equation:

∂ 2J*∂x∂t + f T ∂ 2J*∂x2 + ∂φ∂x + ∂J*∂x ∂f∂x = 0Thus, (67) will beome, taking into account (66)

H(⋅) = λ^i x^i_• + 1 2 Q^{ij}x^ix^j

i, j∑ + 1 2 R^{α ,β}W^α α ,β∑ W^{β (25)∋ωηερε}

α ανδ

β ρεπρεσεντ μυλτι−ινδιχεσ:

α ≡ iα jα , β ≡ iβ jβΤηυσ, (25)∋ χαν βε ρεπρεσεντεδ ϕρομ (8) ασ ϕολλοωσ

H(⋅) = λ i(f(xi )+Wijg(xj ))+ 12Qijxixj

i, j∑ + 12 Rα βWα Wβ α ,β∑ (25)∀Λετ

0 = ∂H(⋅)∂Wα = (λ i i, j∑ g(xj )δiiα δ jjα + Rα βWβ = λ iα g(xjα )+ Rα βWβΤηερεϕορε,

0 = λ iα g(xjα )+ Rα βWβ (ι.ε)

Wβ (t) = − (Rβα − 1

α∑ λ iα (t)g(xjα (t))) (26)’Similarly, equation (35) can be obtained as above. end.

20REFERENCES[1] M. Y. Choi and B. A. Huberman, �Dynamic behaviour of nonlinear networks� , Physical ReviewA, 28, pp. 1204-1206,1983[2] U. Ramacher and P. Nachbar, �The Hamiltonian Approach to neural networks dynamics�, Proc.IJCNN-91, Singapore, Vol. 3, pp. 1930-1936, Nov. 1991[3] R. Battiti, �Accelerated backpropagation learning: Two optimization methods�, ComplexSystems, Vol. 3, pp. 331-342, 1989[4] D. M. Goodman et al., �Backpropagation Learning for Multi-Layer Feed-Forward NeuralNetworks Using the Conjugate Gradient Method�, International Journal of Neural Systems, Vol. 2,pp. 291-302, 1991[5] G. Tesauro and Y. He, S. Ahmad, �Asymptotic Convergence of Backpropagation�, NeuralComputation, pp. 382-391, 1989[6] Moller, M. F., �A Scaled Conjugate Gradient Algorithm for Fast Supervised Learning�, NeuralNetworks, Vol. 6, pp. 525-533, 1991[7] S. Usui et al., �New accelerated learning algorithm to reduce the oscillation of weights inmultilayered neural networks�, Proc. IJCNN-92, Vol. 1, pp. 914-919, 1992[8] P. Patrick van der Smagt, �Minimisation Methods for Training Feedforward Neural Networks�,Neural Networks, Vol. 7, pp. 1-11, 1994[9] L. S. Pontryagin et al., The Mathematical Theory of Optimal Processes, Trans. byK.N.Trirogoff, Interscience Wiley, New York, 1962[10] R. W. A and V. Vemuri, �Neural Networks can be used for open-loop, dynamic control�,International Jounal of Neural Networks, Vol. 3, No. 3, pp. 71-83, September 1992[11] A. J. van der Schaft et al., Nonlinear Dynamical Control Systems., Springer-Verlag New YorkInc., 1990.[12] F. Pineda, �Generalization of backpropagation to recurrent neural networkss�, PhysicalReview Letters, Vol. 19, No. 59, pp. 2229-2232, 1987.[13] D. E. Kirk, Optimal Control Theory, Englewood Cliffs, 1970.[14] A. E. Bryson and Y. C. Ho., Applied Optimal Control. , New York: Hemisphere, 1975.[15] R. B. Perez , �Optimal parameter tracking and control of nonlinear ststems with time varyingparameters�, International Conference on Acoustics, Speech, and Signal Processing, Vol.4 , pp. 2224-2227, 1988.[16] S. Amari, �Matematical Theory of Neural Learning,�, New Generation Computing, 8(91), pp.281-294.[17] H. Tokumaru et al., �A Nonlinear Regulator Desigh in the Presence of System UncertaintiesUsing Multilayered Neural Networks�, IEEE Tansactions on Neural Networks. Vol. 2, No. 4, pp.410-417, July 1991.[18] D. E. Rummelhart et al., �Learning internal representations by error propagation, in ParallelDistributed Processing: Explorations in the microstructures of cognition�, Cambridge, MA: MITpress, vol. 1, pp. 318-362, 1986.[19] E. Davalo et al., Neural Networks, London: Macmillan Education, 1991.[20] D G. Luenberger, Linear and Nonlinear Programming, 1984.[21] R. Battiti, "First- and Second-Order Methods for Learning: Between Steepest Descent andNewton’s Method", Neural Computation, Vol. 4, pp. 141-166, 1992.[22] M. E. Savran, �On the Desigh of Dynamic Associate Neural Memories�, IEEE Transaction onNeural Networks. Vol. 5, No. 3, pp. 489-492, May 1994.[23] M. W. Hirsch, �Saturation at High Gain in Discrete Time Recurrent Networks�, NeuralNetworks, Vol. 7, No. 3, pp. 449-453, 1994.[24] L. G. Sotelino et al., �Classification of Temporal Trajectories by Continuous-Time RecurrentNets�, Neural Networks, Vol. 7, No. 5, pp. 767-776, 1994.[25] R. Rohwer, �The Time Dimension of Neural Network Models�, SIGART Bulletin, Vol. 5, No.3, pp. 36-44, July 1994 .[26] K. Funahashi. �On the approximate realization of continuous mappings by neural networks�,Neural networks, 2:183, 1989.

21[27] J. E. Dennis et al., "Numerical Methods for Uncontrained Optimization and NonlinearEquations", Prentice Hall, Englewood Cliffs, NJ, 1983.[28] P. E. Gill et al., Practical Optimization, Academic Press, London, 1981.[29] A. J. van der Schaft et al., Variational and Hamiltonian Control Systems, Springer-Verlag, ,New York, 1987.[30] H. Goldstein, Classical Mechanics, Addison-Wesley, Reading, Mass., 1950.[31] E. T. Whittaker, A treatise on the analytical dynamics of particles and rigid bodies, 4thedition, Cambridge University Press, Cambridge, 1959.(OCT, 1994)